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Abstract. There are many connections between graph mining and inductive logic program-
ming (ILP), or more generally relational learning. Up till now these connections have mostly
been described or exploited in an informal way. A more careful and formal study of them
may lead to new insights in the relationships between the different learning formalisms,
and possibly new methods for solving certain problems that rely on translating problems or
algorithms from one setting to another. In this paper we initiate an investigation into this.

1 Introduction

It has been observed many times that there are connections between graph mining and inductive
logic programming (ILP), or more generally relational learning. So far, however, these connec-
tions have mainly been described in an informal way. Moreover, there are many possible ways of
translating data / hypotheses from one representation framework to another.

A more careful study of such translations may give us additional insights in the relationship
between different settings, and could directly lead to two ways of improving the current state of
the art in graph mining. The first is “translation of algorithms”: algorithmic techniques could
be transferred from one framework to the other. The second is “translation of data”: one might
be able to solve problems by translating the data from one framework into the other, running a
standard data mining algorithm for that framework, and then translating the results back to a
proper solution for the original data. Several authors have already exploited similar connections
(e.g., [5,4]), but it seems that many more connections could be investigated.

In this paper we have a brief and non-exhaustive look at a number of connections between
graphs, hypergraphs, and first order logic representations, and formulate a number of questions
that this leads to. We hope that this discussion may be inspiring with respect to the development
of new algorithms or unexpected application possibilities for existing algorithms.

2 Graphs, hypergraphs, ILP

A (hyper)graph is a structure (V, E) where V is a set of nodes and E is a set of edges. It is an
undirected graph if £ C (‘2/), with (‘;) = {8 C V :|S] = k}; a directed graph if E C V?;
an undirected hypergraph if £ C 2V contains (only nonempty) sets of nodes; a directed
hypergraph (see, e.g., [3]) if E contains couples (X,Y) with X and Y non-empty and disjoint
sets of nodes; and an oriented hypergraph if £ C [ J,-, V¥ contains tuples over V. Edges of a
hypergraph are sometimes called hyperedges.

The set of nodes may be totally ordered, in which case we speak of an ordered (hyper)graph.
Sometimes the set of edges is ordered in such a way that for each node, the edges in which it par-
ticipates are totally ordered; we then speak of an edge-ordered (hyper)graph. A (hyper)graph
is node-labelled if a label (from a given set of labels X) is associated with each node, and edge-
labelled if a label is associated with each edge.

In the remainder of the text we focus on non-labelled, non-ordered structures, except where
stated otherwise.

In inductive logic programming, the input data are sometimes represented as interpretations.
An interpretation is a set of ground facts; a ground fact is of the form p(aq,...,ax) with the
a; denoting fixed objects (more precisely, elements of the Herbrand universe) and p a predicate
symbol.
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! For connections between learning from interpretations and other settings, see [1].



3 Translations

Original Framework Alternative Framework

data set: S ﬂl—\ S’

algorithm: E 0

result: f m f!

Fig. 1. Instead of using algorithm a to calculate result f it is also possible to use ¢1 to translate data set
S to S in an alternative framework, run algorithm a’ and use ¢3 to translate result f’ back to f.

A data mining algorithm can be seen as implementing a function a : 2% — F that, given a
training set S C X returns an output f, which can be seen as a function from X to some result
set R.2 Let A= F2" be the set of all such functions.

Assume we want to have a data mining algorithm a that given a data set S computes a result
f- We could try to find a way to implement a directly. Alternatively, as visualized in Figure 1, we
could translate the input data S to an alternative representational framework S’, run an already
existing algorithm a’ on S/, and translate the result f’ back to the original f.

We can distinguish two separate problems. First, given a function a and a set of functions
{d},...,a}}, we can look for translations ¢, and ¢3 such that there exists an a] such that ¢3(a}(¢1(5))) =
a(S). This amounts to reducing the original problem to a problem for which a solution is known.

Second, we can consider a framework (X, A, F') (e.g., hypergraph mining) and a second frame-
work (X', A, F') (e.g, graph mining) and look for a triple of functions 1 : 2% — 2X" 5 : A — A’
and t3 : F' — F such that VS C X,a € A, f € F and with S’ = #1(5),d" = t2(a), f = t3(f')
ca(S) = f < d/(S") = f’. This amounts to finding a translation that reduces all possible data
mining problems in the first setting to equivalent problems in the second setting. We call this a
universal translation.

Note that in this case it is crucial that the transformation ¢; preserves non-equivalence, that
iS, VSl, SQ - X : (Ha : CL(Sl) 7é a(Sg) = tl(Sl) 7é tl(SQ)). Indeed, if tl(Sl) = tl(Sg)) then
tg(a’(tl(Sl))) = tg(a/(tl(SQ))) which contradicts tg(a’(tl(Sl))) = a(Sl) 7é Q(SQ) = tg(a’(tl(Sl))).

Below we list a number of transformations of structures that can serve as the first component
of the translation function ¢. We believe that all the proposed transformations have this property,
and thus could be used in a universal translation, though for some this remains to be proven.

3.1 V-preserving

We first discuss transformations that preserve the set of nodes V. (E.g., a structure (V, E) is
transformed into a structure (V’, E') where V' = V)

Undirected graphs can easily be represented as directed graphs by just including for each pair
{z,y} the couple (x,y) as well as (y, ). Similarly, undirected hypergraphs can be represented as ori-
ented hypergraphs by including for each set {v1, ..., v} all its permutations (p;(v1), pi(va), - .., pi(vk)),
i=1...kl

All graphs are hypergraphs, and as such no transformation is necessary from graphs to hyper-
graphs. However, the extra expressiveness of hypergraphs can be exploited: a k-clique in the graph
can be represented with one hyperedge instead of (’;) binary hyperedges. Reducing the amount
of hyperedges by combining all maximal cliques can increase the comprehensibility, admittedly at

2 This holds obviously for predictive modelling, but also clusters, itemset frequencies, ...can be seen as
extensionally represented functions from X to some R.



high computational cost, since finding these hyperedges is NP-complete (equivalent to the max-
imum clique problem). But this also implies that problems that are NP-complete on the graph
representation are not necessarily so on the hypergraph representation.

Hypergraphs cannot be transformed into graphs while preserving both V' and non-equivalence,
since for a given V with |V| > 2 there are more hypergraphs than graphs.

Given a k-ary predicate p/k and a universe U, a ground fact of p/k can be described as an
oriented hyperedge over V with V = U. Given a set of predicates P and a universe U, a logical
interpretation (set of facts) is therefore equivalent to an edge-labelled oriented hypergraph, where
the label of each hyperedge is the name of the corresponding predicate. Similarly, a relational
database corresponds to an edge-labelled oriented hypergraph.?

A logical non-ground atom a corresponds to a set of hyperedges, namely those hyperedges for
which a ground variable substitution 6 exists such that the ground atom af corresponds to the
hyperedge.

Given an interpretation I, a conjunctive query @ succeeds in I if there exists a grounding
substitution 6 such that all atoms in Q0 have a corresponding hyperedge in I. With Q6 thus
corresponds a subhypergraph of the hypergraph corresponding to I, and with @ itself a set of such
subhypergraphs (which is empty if the query has no solutions).

Perhaps an interesting observation here is that ILP corresponds to mining oriented hypergraphs.
Many graph or hypergraph mining algorithms work on undirected (hyper)graphs. The importance
of this difference has not yet been determined. However, in the case of molecule mining, there is
a certain amount of importance: bonds between atoms in a molecule are undirected; if we define
a binary bond predicate in ILP (the standard approach), we need to define it symmetrically (i.e.,
intensionally or extensionally state that for each bond a-b there is also a bond b-a). Our personal
experience is that this necessity affects the efficiency as well as the ease of use of ILP systems for
this kind of problems.

3.2 Non-V-preserving

The previous section discussed transformations from (V, E) to (V, E’) where the set of nodes V
remains unchanged (in the case of logic: V' is the universe U). More transformations are possible
if we do not require this property.

A non-oriented hypergraph can easily be translated to a bipartite graph as follows: given the
hypergraph H = (V| E), define G = (V U E,E’) where E’ contains {v,e} iff v € e. Figure 2
shows the result of this transformation. The labels are necessary to distinguish which nodes in G
are the original nodes and which are the original edges. Alternatively, if G is a directed graph,
the direction of the edges carries the same information, making the labeling redundant. If G was
already edge-labelled, the edge labels can be transferred (as shown in Figure 2).

An oriented hypergraph can be translated into a graph as follows. The ordering of the elements
of an edge can be indicated with edges representing the successor function. But since a node can
occur in several hyperedges, we need to order occurrences of nodes in hyperedges, rather than the
nodes themselves. We thus get a graph with three layers, with nodes in each layer representing
(a) hyperedges, (b) occurrences of nodes in hyperedges, (c) the original nodes. Figure 2 illustrates
this.

4 Questions

The above incomplete list of possible transformations already gives rise to a number of questions:

— How important is the difference between directed/oriented (hyper)graphs and their undirected
counterparts, w.r.t. efficiency?
— What is the effect on efficiency of using hypergraphs instead of graphs?

3 Edge-labelled oriented hypergraphs seem the most direct graph-representation of relational databases.
For instance, relational calculus [2] directly translates to a corresponding calculus over nodes (domain
calculus) or hyperedges (tuple calculus).
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Fig. 2. (a) a hypergraph; (b) its representation as a graph; (c) representation as a graph of one particular
oriented version of the hypergraph.

— How do implementation details influence efficiency? E.g., in ILP facts are looked up in the
database using indexes, i.e., there is no direct link from a node to incident edges or adjacent
nodes. In a (hyper)graph structure such links would be natural, and they may speed up certain
operations significantly.

— How can the knowledge about refinement operators in ILP be transferred to the context of
graphs and hypergraphs?

— What does, for instance, the (inverse) resolution operator from ILP look like when put in the
oriented hypergraph framework?

— How does the concept of predicate invention translate to that setting?

— How does abduction of facts in ILP relate to link discovery (prediction of the existence of
edges) in graphs? Can ILP lead to methods for hyperedge discovery?

— Could methods for frequent subgraph discovery be used for subhypergraph discovery (e.g., [4])
using the hypergraph-to-graph transformation described above? What would be the efficiency
of this approach?

— Many more specific settings have been considered in graph mining, such as trees and sequences;
how do these translate to the hypergraph mining setting?

Some of these questions may be easy to answer, others may present interesting challenges. We
believe that the explicit study of transformations between different representation formalisms may
generate many opportunities for advancing the state of the art in relational learning.

5 Conclusion

We have presented a non-exhaustive list of possible translations between learning tasks defined on
graphs, hypergraphs, and logical representations, and presented a number of questions that this
discussion gives rise to. We believe that further study of the relationship between graph mining, hy-
pergraph mining and ILP, and defining perhaps other translations between these representational
formalisms, may suggest many alternative approaches to mining from structured / relational data,
yielding new and potentially useful insights as well as improved algorithms.
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