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Abstract

Recent investigations [12, 2, 8, 5, 6] and [11, 9] indicateuke of a probabilistic
('learning’) perspective of tasks defined on a single gragtgpposed to the tradi-
tional algorithmical ('computational’) point of view. Thinote discusses the use
of Rademacher complexities in this setting, and illusgdtee use of Kruskal's
algorithm for transductive inference based on a neareghber rule.

1 Introduction

Weighted, undirected graphs are a widely applicable meam®presenting domain knowledge of
tasks which are defined over finite universes. This manuscopcerns the following question:
‘given a fixed graph with (hidden) labels, and a class of pilaleslabeling over all nodes, if an al-
gorithm is presented with a random subset of labels (of fixaz) show well would the algorithm’s
learnechypothesis contained in this class perform on the remaitahgls?’ This question is some-
times termedlistribution-freetransductive setting [12]. The important deviation frora tassical
inductive setting is that the finite nodes where the hypasheae to be evaluated are known a-priori.
The precise setting also deviates frordistributional transductive inference setting where the al-
gorithm has no prior knowledge of the relevant graph, oraently, of the inputs. Both settings
are discussed and related in [12], and more recently in [8telkhat the class of plausible labelings
(thehypothesis clagss not required to contain the 'true’ labels (agnostic ¢ase

The following example in collaborative filtering illustest the practical importance of this problem.
Consider a finite set of products which are after carefulystrdanized in an appropriate undirected
weighted graph (e.g. based on similarities between prsjluceét customer A indicate his (binary)
preference for a number of random products, and let our idthgottry to fill in his preferences over
the remaining products. Subsequently, let customer B dedhge and use the algorithm to fill in
his unexpressed preferences. After iteration of this sehfemcustomers A,B,C,D, ., the study of
transductive inference characterizes what can be saideoavitrage performance of this scheme.

Some notation is introduced. Let a weighted undirectedigéap= (V, E') consist ofl < n < co
nodesV = {v;}ji., with edgestl = {x;;},,; with ;; > 0 connected ta; andv; for any

i # j =1,...,n. Assume that no loops occur in the graph, ig. = O foralli = 1,...,n, and
that the graplyj is connected, i.e. there exists a path between any two ntuesq for notational
convenience, most results are valid beyond this restriptibet X € R™*" denote the positive
symmetric matrix defined a&;; = X;; = x;; foralli,j = 1,...,n. The Laplacian ofj is then
defined as. = diag(X1,) — X € R™ ™. This paper considers problems where each node has
a fixed corresponding label € {—1,1} such that{(v;,y;)}"_, (or shortly{y;}"_,), but only a
subsetS,, C {1,...,n} with |S,,| = m of the labels is observed. The task in transductive infexenc
is to predict the labels of the unlabeled nodes,, = {1,...,n}\S,,. This paper uses the notation
g € {—1,1}" to denote a hypothesi§v;, ¢;)}_, (or equivalently{q;}?_,) of the true labeling



y € {=1,1}" (or {y;}}_,). The following generic class of hypothesis is studied
HC{qe{-1,1}"}, 1)

with cardinality ||. It becomes clear that the cardinality of such a class witlfither specifi-
cation is2™, which is clearly much too large for reasonable applicaionhe following sections
discusses how one can respectively characterize and gonatr appropriate subset for the purpose
of learning.

2 Transductive Rademacher Complexities

Given a fixed hypothesis s&t of an observed grap8i. The risk of an hypothesig € H can be
defined here as

1 n
R(ql9) = EL [quL‘ g} == > viai, ()
i=1
where the expectatiof';, concerns the (uniformly) random indéx € {1,...,n}. The empiri-
cal counterpart becoméBs, (q|G) = = > .. s,, Yigi wherem = |S,,,|. Several authors discuss
generalization bounds suited for the transductive seffifg2, 8, 5, 6]. Serfling’s inequality pro-
vides a convenient way to derive a probabilistic guarantethe result, see e.g. [8, 9, 10]. Also,
Rademacher complexities can be used to give a generatiZationd on the result of transductive
inference.

Definition 1 (Rademacher complexity ofH and G) Assume that{ is symmetric, i.e—H = H.
Let{o;}"_, be independent random Rademacher variables With;, = 1) = P(o; = —1) = 1.

R(H|G)=F Ggl. (3)

1 n
sup — Z 0idi
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Remark that this definition is more in line to the definitiontloé inductive case, as opposed to [5]
whereR(H) is expressed in terms of the random variables {—1,0, 1}. The generalization error
of aq € H can then be bound as follows

Theorem 1 (Transductive Rademacher Bound)With probability exceeding — ¢ < 1, one has

for all ¢ € H simultaneously
1 1
) rG) + ﬁ (52 e @
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Rs.,(4lG) < R, (4l0) + 2 (

The proot goes along the same lines as the classical expression givi, ibut improves on
using the martingale expression as in [5] instead of McDidsimand secondly by interpreting the
symmetrization argument for this transductive setting.

3 Characterization of Plausible Sets+

It becomes feasible to compute the meadfe(|G) empirically based on a Monte-Carlo sampling
of the Rademacher variables. Siriges finite, one can find theup, for a giveno € {—1,1}" by
solving the problem
1
o = max —q’ o. (5)

geH N
For many choices df{, this combinatorial problem can be solved efficiently by appfoximative)
algorithm. Averaging', over the choice ofr approximates the desired quantity. We will illustrate
this for a relevant clasi.

1The proof and a practical case study of collaborative filtering apjre#trs long version of this manuscript.



3.1 H; with Consistent Nearest Neighbors

Definition 2 (1-NN Hypothesis Set)Assumej is connected, and that no two edges neighboring
the same vertex have equal weightagy # x;;, for all ¢, j,k = 1,...,n. The 1-NN rule is defined
as

r;(vi) = q;= with * = arg}rcnax Tik- (6)

Alabelingg € {—1,1}" is consistent with this rule if;r; (v;) = 1forall i = 1,...,n inducing
the hypothesis space

Hy = {q e{-1,1}" qir;(vi) =qiqg-=1, Vi=1,... ,n} . @)

The main argument for characteriziiigf,| is to reduce a graph equipped with this rule to the
maximal spanning tred,sp. To make this clear, consider Kruskal's algorithm (see g excellent
introduction [7]). Let7 C G be the current hypothesis, then Kruskal's algorithm eifety finds
the maximal spanning tree as follows (1.) Find edgewith highest weightz;; in E'\ 7; (2.) Do

T =T Ueyy, if T is still atree; (3.) Repedtand2 until |[7] = (n — 1). Now it is clear that the
resulting maximal spanning trégsp includes all edgege; ;- }_, wheree; ;» connects node; to

its closest neighbar;). Formally,

Lemma 1 (Maximal Spanning Tree and 1-NN)

{ei,i* }lel C Tusp (8)

Indeed, assume the edgg;- is rejected during some part of the algorithm, then therstedli
already some other edgg; with hlgher weightz;; thanz; ;«, contradicting the assumption. Now a
simple geometrical argument gives a characterizationehgpothesis space.

Corollary 1 (Cardinality of ;) Let¢ € N denote the number of disconnected partédp;« } 7,
or & = |Tuse \ {ei,i }i|- Then the number of consistent (w.r.t. 1-NN rule) hypothesegjuals

Hy = 25, (9)

This result follows from the observation that the omissiéra edge inZysp results in one more
disconnected set of vertices. Remark that this reasoniogriseptually different from the classical
analysis of 1-NN rules (as found in e.g. [4], Chapter 5 anérafces). We are interested in the
class ofconsistentabelings induced by the 1-NN rule, while in the classicalamt one studies the
hypotheses induced by application of the 1-NN rule basethemlbserved labels.

An example is given in Figure 1. Given this representatibis, @asy to select a hypothesgis H1
which makes the least amount of errors on the observed I§hgls-s,, as possible, i.e.

§ = argmin — > vias, (10)
q€H: vaS

by assigning to each disjoint subgrapi C V in G! the label {—1,1} which occurs in
{vi}(ies,.ievr)- Note that the solution is not unique in the case the numbeegétive observed
labels and positive labels i’ equals (or is both zero). As a consequence of Lemma 3, one can
immediately see that every gragh has at least one coup(e; -, €;+ ;).

3.2 "H with Consistent Average Neighbors

For a qualitative discussion of the $¢f, = {q € {-1,1} : ¢TLq < g}, its relation with maximal
margin and spectral approximation, see [11, 9].



Figure 1:(a) A weighted grapks, and the compact representatigh of the corresponding hypothesis space
'H:. By inspection of alh directed edges ifie; ;~ }i—1, one finds immediately thgt= 2.

4 Conclusion

This note discusses some new results for transductiveciméertasks defined over a single graph
with respect to Rademacher complexities. For a specifictingsis set, it is indicated how Kruskal's
algorithm for finding the maximal (minimal) spanning tregeag the solution of the corresponding
transductive inference task. It is clear that the choicehefdetH is highly task dependent, and
an important direction for future work concerns the dataetiglent choice (model selection) of a
gelevant sef{, the exploration of other useful designséfand the relation with graph algorithms.
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