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Abstract

Recent investigations [12, 2, 8, 5, 6] and [11, 9] indicate the use of a probabilistic
(’learning’) perspective of tasks defined on a single graph,as opposed to the tradi-
tional algorithmical (’computational’) point of view. This note discusses the use
of Rademacher complexities in this setting, and illustrates the use of Kruskal’s
algorithm for transductive inference based on a nearest neighbor rule.

1 Introduction

Weighted, undirected graphs are a widely applicable means for representing domain knowledge of
tasks which are defined over finite universes. This manuscript concerns the following question:
’given a fixed graph with (hidden) labels, and a class of plausible labeling over all nodes, if an al-
gorithm is presented with a random subset of labels (of fixed size), how well would the algorithm’s
learnedhypothesis contained in this class perform on the remaininglabels?’This question is some-
times termeddistribution-freetransductive setting [12]. The important deviation from the classical
inductive setting is that the finite nodes where the hypothesis are to be evaluated are known a-priori.
The precise setting also deviates from adistributional transductive inference setting where the al-
gorithm has no prior knowledge of the relevant graph, or equivalently, of the inputs. Both settings
are discussed and related in [12], and more recently in [3]. Note that the class of plausible labelings
(thehypothesis class) is not required to contain the ’true’ labels (agnostic case).

The following example in collaborative filtering illustrates the practical importance of this problem.
Consider a finite set of products which are after careful study organized in an appropriate undirected
weighted graph (e.g. based on similarities between products). Let customer A indicate his (binary)
preference for a number of random products, and let our algorithm try to fill in his preferences over
the remaining products. Subsequently, let customer B do thesame and use the algorithm to fill in
his unexpressed preferences. After iteration of this scheme for customers A,B,C,D,. . . , the study of
transductive inference characterizes what can be said on the average performance of this scheme.

Some notation is introduced. Let a weighted undirected graph Gn = (V,E) consist of1 < n < ∞
nodesV = {vi}

n
i=1 with edgesE = {xij}i6=j

with xij ≥ 0 connected tovi and vj for any
i 6= j = 1, . . . , n. Assume that no loops occur in the graph, i.e.xii = 0 for all i = 1, . . . , n, and
that the graphG is connected, i.e. there exists a path between any two nodes (this is for notational
convenience, most results are valid beyond this restriction). Let X ∈ R

n×n denote the positive
symmetric matrix defined asXij = Xji = xij for all i, j = 1, . . . , n. The Laplacian ofG is then
defined asL = diag(X1n) − X ∈ R

n×n. This paper considers problems where each node has
a fixed corresponding labelyi ∈ {−1, 1} such that{(vi, yi)}

n
i=1 (or shortly{yi}

n
i=1), but only a

subsetSm ⊆ {1, . . . , n} with |Sm| = m of the labels is observed. The task in transductive inference
is to predict the labels of the unlabeled nodesS−m = {1, . . . , n}\Sm. This paper uses the notation
q ∈ {−1, 1}n to denote a hypothesis{(vi, qi)}

n
i=1 (or equivalently{qi}

n
i=1) of the true labeling



y ∈ {−1, 1}n (or {yi}
n
i=1). The following generic class of hypothesis is studied

H ⊆ {q ∈ {−1, 1}n} , (1)

with cardinality |H|. It becomes clear that the cardinality of such a class without further specifi-
cation is2n, which is clearly much too large for reasonable applications. The following sections
discusses how one can respectively characterize and construct an appropriate subset for the purpose
of learning.

2 Transductive Rademacher Complexities

Given a fixed hypothesis setH of an observed graphG. The risk of an hypothesisq ∈ H can be
defined here as

R(q|G) = EL

[

yLqL

∣

∣

∣
G
]

=
1

n

n
∑

i=1

yiqi, (2)

where the expectationEL concerns the (uniformly) random indexL ∈ {1, . . . , n}. The empiri-
cal counterpart becomesRSm

(q|G) = 1
m

∑

i∈Sm

yiqi wherem = |Sm|. Several authors discuss
generalization bounds suited for the transductive setting[12, 2, 8, 5, 6]. Serfling’s inequality pro-
vides a convenient way to derive a probabilistic guarantee on the result, see e.g. [8, 9, 10]. Also,
Rademacher complexities can be used to give a generalization bound on the result of transductive
inference.

Definition 1 (Rademacher complexity ofH and G) Assume thatH is symmetric, i.e.−H = H.
Let{σi}

n
i=1 be independent random Rademacher variables withP (σi = 1) = P (σi = −1) = 1

2 .

R(H|G) = E

[

sup
q∈H

1

n

n
∑

i=1

σiqi

∣

∣

∣
G

]

. (3)

Remark that this definition is more in line to the definition ofthe inductive case, as opposed to [5]
whereR(H) is expressed in terms of the random variablesσ ∈ {−1, 0, 1}. The generalization error
of a q ∈ H can then be bound as follows

Theorem 1 (Transductive Rademacher Bound)With probability exceeding1 − δ < 1, one has
for all q ∈ H simultaneously

RS−m
(q|G) ≤ RSm

(q|G) + 2

(

n

n − m

)

R(H|G) + 2

√

(

1

m
+

1

n − m

)

log(1/δ) (4)

The proof1 goes along the same lines as the classical expression given in [1], but improves on
using the martingale expression as in [5] instead of McDiarmids, and secondly by interpreting the
symmetrization argument for this transductive setting.

3 Characterization of Plausible SetsH

It becomes feasible to compute the measureR(H|G) empirically based on a Monte-Carlo sampling
of the Rademacher variables. SinceH is finite, one can find thesupq for a givenσ ∈ {−1, 1}n by
solving the problem

r̂σ = max
q∈H

1

n
qT σ. (5)

For many choices ofH, this combinatorial problem can be solved efficiently by an (approximative)
algorithm. Averaginĝrσ over the choice ofσ approximates the desired quantity. We will illustrate
this for a relevant classH.

1The proof and a practical case study of collaborative filtering appearsin the long version of this manuscript.



3.1 H1 with Consistent Nearest Neighbors

Definition 2 (1-NN Hypothesis Set)AssumeG is connected, and that no two edges neighboring
the same vertex have equal weight, orxij 6= xik for all i, j, k = 1, . . . , n. The 1-NN rule is defined
as

r1
q(vi) = qi⋆ with i⋆ = arg max

k

xik. (6)

A labelingq ∈ {−1, 1}n is consistent with this rule ifqir
1
q(vi) = 1 for all i = 1, . . . , n inducing

the hypothesis space

H1 =
{

q ∈ {−1, 1}n
∣

∣

∣
qir

1
q(vi) = qi qi⋆ = 1, ∀i = 1, . . . , n

}

. (7)

The main argument for characterizing|H1| is to reduce a graph equipped with this rule to the
maximal spanning treeTMSP. To make this clear, consider Kruskal’s algorithm (see e.g.the excellent
introduction [7]). LetT ⊆ G be the current hypothesis, then Kruskal’s algorithm effectively finds
the maximal spanning tree as follows (1.) Find edgeeij with highest weightxij in E \ T ; (2.) Do
T = T ∪ eij , if T is still a tree; (3.) Repeat1 and2 until |T | = (n − 1). Now it is clear that the
resulting maximal spanning treeTMSP includes all edges{ei,i⋆}n

i=1 whereei,i⋆ connects nodevi to
its closest neighborv(i). Formally,

Lemma 1 (Maximal Spanning Tree and 1-NN)

{ei,i⋆}n
i=1 ⊆ TMSP. (8)

Indeed, assume the edgeei,i⋆ is rejected during some part of the algorithm, then there existed
already some other edgeeij with higher weightxij thanxi,i⋆ , contradicting the assumption. Now a
simple geometrical argument gives a characterization of the hypothesis space.

Corollary 1 (Cardinality of H1) Letξ ∈ N denote the number of disconnected parts in{ei,i⋆}n
i=1,

or ξ = |TMSP\ {ei,i⋆}i|. Then the number of consistent (w.r.t. 1-NN rule) hypotheses q equals

H1 = 2ξ. (9)

This result follows from the observation that the omission of an edge inTMSP results in one more
disconnected set of vertices. Remark that this reasoning isconceptually different from the classical
analysis of 1-NN rules (as found in e.g. [4], Chapter 5 and references). We are interested in the
class ofconsistentlabelings induced by the 1-NN rule, while in the classical account one studies the
hypotheses induced by application of the 1-NN rule based on the observed labels.

An example is given in Figure 1. Given this representation, it is easy to select a hypothesisq ∈ H1

which makes the least amount of errors on the observed labels{yi}i∈Sm
as possible, i.e.

q̂ = arg min
q∈H1

1

m

∑

i∈Sm

yiqi, (10)

by assigning to each disjoint subgraphV ′ ⊆ V in G1 the label {−1, 1} which occurs in
{yi}(i∈Sm,i∈V ′). Note that the solution is not unique in the case the number ofnegative observed
labels and positive labels inV ′ equals (or is both zero). As a consequence of Lemma 3, one can
immediately see that every graphG1 has at least one couple(ei,i⋆ , ei∗,i).

3.2 H with Consistent Average Neighbors

For a qualitative discussion of the setHg = {q ∈ {−1, 1} : qT Lq ≤ g}, its relation with maximal
margin and spectral approximation, see [11, 9].



22

15

1918

15

12

24

16
16

15

25

19
17

9

10

8

6

7 5

3
2

4

1

(a)

22

1918

24

16

25

19
17

9

10

8

6

7 5

3
2

4

1

(b)

Figure 1:(a) A weighted graphG, and the compact representationG1 of the corresponding hypothesis space
H1. By inspection of alln directed edges in{ei,i⋆}n

i=1, one finds immediately thatξ = 2.

4 Conclusion

This note discusses some new results for transductive inference tasks defined over a single graph
with respect to Rademacher complexities. For a specific hypothesis set, it is indicated how Kruskal’s
algorithm for finding the maximal (minimal) spanning tree gives the solution of the corresponding
transductive inference task. It is clear that the choice of the setH is highly task dependent, and
an important direction for future work concerns the data dependent choice (model selection) of a
relevant setH, the exploration of other useful designs ofH and the relation with graph algorithms.
2
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